ON KATO-SOBOLEV SPACES. THE WIENER-LEVY THEOREM 
FOR KATO-SOBOLEV ALGEBRAS 7£,. 
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Abstract. We investigate some multiplication properties of Kato-Sobolev 
spaces by adapting the techniques used in the study of Beurling algebras by 
Coifman and Meyer |Co-Me) , Also we develop an analytic functional calculus 
for Kato-Sobolev algebras based on an integral representation formula belong- 
ing A. P. Calderon. 
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1. Introduction 

In this paper we study some multiplication properties of Kato-Sobolev spaces and 
we develop an analytic functional calculus for Kato-Sobolev algebras. Kato-Sobolev 
spaces T-L^x were introduced in [K] by Tosio Kato and are known as uniformly local 
Sobolev spaces. The uniformly local Sobolev spaces can be seen as a convenient class 
of functions with the local Sobolev property and certain boundedness at infinity. 
We mention that Ti^ were defined only for integers s > and play an essential part 
in the paper. In this paper, Kato-Sobolev spaces are defined for arbitrary orders 
and are proved some embedding theorems (in the spirit of the [K]) which expresses 
the multiplication properties of the Kato-Sobolev spaces. The techniques we use in 
establishing these results are inspired by techniques used in the study of Beurling 
algebras by Coifman and Meyer [Co- Me . Also we develop an analytic functional 
calculus for Kato-Sobolev algebras based on an integral representation formula of 
A. P. Calderon. This part corresponds to the section of [K] where the invertible 
elements of the algebra are determined and which has as main result a Wiener 
type lemma for H^. In our case, the main result is the Wiener-Levy theorem for 
Kato-Sobolev algebras. This theorem allows a spectral analysis of these algebras. In 
Section 2 we define Sobolev spaces of multiple order. Uniformly local Sobolev spaces 
of multiple order were used as spaces of symbols of pseudo-differential operators in 
many papers [Blj . |B2] By adapting the techniques of Coifman and Meyer, used 
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in the study of Bcurling algebras, we prove a result that allows us to extend the 
embedding theorems of Kato in the case when the order of H^i is not an integer 
> 0. In Section 3 we study an increasing family of spaces {^-p} 1<p<00 f° r which 
^-oo = ^ui- The Wiener-Levy theorem for Kato-Sobolev algebras is established in 
Section 4. Using this theorem we build an analytic functional calculus for Kato- 
Sobolcv algebras. 



2. SOBOLEV SPACES OF MULTIPLE ORDER 



Let j G {l,...,n}. Suppose that R™ = R™ 1 x ... x R% where m,...,^ G N*. 
We have a partition of variables corresponding to this orthogonal decomposition, 
{l,...,n} — \J j l=1 Ni, where TV/ = {k : n + ... + n;_i < k < n + ... + ni}. Here 
n — such that Ni = {1, n{\. 

Let s = (si, Sj) G MP. We find it convenient to introduce the following space 



V s (R™) = [u G S 1 (R™) : (1 - Aim )" l/2 ® ••• ® (1 - A K ~ 3 ) Sj/2 u e L 2 > 



(l-A R n 1 ) Sl/2 ®...®(l-A K n,) s '/ 2 ' 



L 2 



u G ft". 



For s = (si, Sfc) G R fc we define the function 



«-)> s :R" 



x ... x 



where (\ 



and 



1/2 

.Then 

(l-A K « 1 ) Sl/2 ®...®(l-A K n fe ) Sfe/2 . 



M s = {«£ S' (R™) : ((.D» s u G i 2 (R™)} , 
|| U || W = ||((£>)) S U || L2 , ueH s . 

Let us note an immediate consequence of Peetre's inequality: 

((e + r?))S < 2 |s| 1 /2 ((0)S((r/)) |s| j ^ veR n 

where \s\ 1 = \s\\ + ... + |sfe| and |s| = (|si| , \sk\) G R fc . Also we have 

«£» s < (0 Hl . eeR". 
Let A: be an integer > or k = oo. We shall use the following standard notations: 
SC fe (R™) = {/ G C k (R™) : / and to derivatives of order < k are bounded} , 



\BC> = max sup 

m < 1 x£X 



f (m) (x) 



< oo, I < k + 1. 



Proposition 2.1. Suppose thatW 1 = R™ 1 x ... xP. Let s G R J ' ; fc s = [lslJ+n + 2 
ondm a = [Isd + ail] +1. 

(a) u G H s (R") i/and only if there is I G sucft thatu,d k u G "H 8-5 ' (R™) 

/or any fe G where 8i = (Sn, ...,Sij). 
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(b) If x £ H^i + ^i 1 (R n ), then for every u e H s (R n ) we ftaue x« e U s (R™) 
and 

\\xu\\w ^ C(s,n,x) ||m|| W s 

< C(s,n) ||x|| ffWl+ 2+i , 

where 

C(s,n, X ) = (2 7 r)-"2l s l 1 / 2 ^|( ?7 } |s| Mx('7)|d^ 

< (2 7 r)-"2N 1 / 2 ||(.)-' l - 1 || il llxll ffNl + - i 

= C(s,n)\\x\\ Hlah+ ^i<C(s,n)l £ \\d a X \\ L2 

\\ot\<m s 

//ere i/ m (R™) is the usual Sobolev space, m £ R. 

( c ) If X ^ C ka (R n ) »s T l -periodic, then for every u £ W (R™) we /icwe x u £ 
•H S (R"). 

(d) If 8! > m/2, ...,Sj > nj/2, then V s (R n ) C T~ X L X (R") C (R™). 

Proof, (a) This part is trivial. 

(b) Since S (R") is dense in W (R ") and 5 (R n ) is dense in i/Nli + ^r 1 (R n ) (see 
the 6 p .fc spaces in Hormander |Holj vol. 2 ), we can assume that \,u € 5 (R n ). In 
this case we have 

r"(6 = (27r)~ n x *«(£)• 
Now we use Peetre's inequality and ((£))' s ' < (O^ 1 to obtain 

«0> S \xu (01 < (27T)-" (| <£ - r?> |s| * |X (£ - „)| ((t?)) 5 \u dr? 

Then Schur's lemma implies that 

IIxwIIk. = ||«-» s lxw||| L 2 

< (27r)- n 2 ' 8|l/2 (/ (^> Nl lxW|dr?) ||((-}} S N 

= C(s,n,x) ||«|lw 
and Schwarz inequality gives the estimate of C (s, n, \) 

C{s,n, X ) = (2tt)-" 21^/2 (7 (r^ |x Ml *n 



lL 2 



= C(s,n)\\ X \\ Hlah+s ±i<C(s,n)l £ ||3<* x || La 

\ |a|<m s 

(c) We shall use some results from |Holj vol. 1, pp 177-179, concerning periodic 
distributions. If x 6 C ks (R n ) is Z n -periodic, then 



X = 



E 



,27ri(-, 7 ) 



C-y, 
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with Fourier coefficients 

c 7 = J X (x)e- 27r± ^>dx, l=[0,lf, 7 eZ", 

satisfying 

\<h\ <Cst\\x\\ Beks{Rn) (2n 1 )- k \ 7 GZ". 
Since e i ('>'?)?x = u(- — 77), then Peetre's inequality implies that 

< 2l"li/ 2 ((v)) lsl \\u\\ Ha <2^ ( V ) lsW \\u\\ ns 



It follows that 

||X«|| W < Csf-2^/ 2 



XllBC fc =(R") 



< M""" 1 W BC *.(r«)II«II«.. 

(d) Let u S 77 s . If si > ni/2,...,Sj > jij/2, then u E L 1 (R n ) since ((-))~ s , 
((■)) s u E 7 2 (K™). Now the Riemann-Lebesgue lemma implies the result. □ 

Lemma 2.2. Let ip E S (IT) and 6 [0, 2tt]". 7/ 



= ^e 1 ^(.- 7 )=^e i 



(7»e> 



70 



762 



= ve = (27r)" 53 ? ( 2?r 7 + ^ <W 



Proof. We have 

V e = ^ e^^V (• - 7) = 53 *^ = p * 



7SZ 



where S = X) 7 ez>» <^r We apply Poisson's summation formula, J- (X^ez™ 
(27r)™ X 7e z" ^2^7, to obtain 



tp ■ (e^S) = tp-r e S = (2tt)" 53 5 27r7+e 



762 



(2tt)" 53 £ (2^7 + 6) 5 2 * 



1+6 ■ 



□ 

Above and in the rest of the paper for any x S W 1 and for any distribution u on 
W 1 , by r^it we shall denote the translation by x of it, i.e. t x u — u (• — x) = S x * u. 

As we already said the techniques of Coifman and Meyer, used in the study of 
Beurling algebras A u and B u (see |Co-Mej pp 7-10), can be adapted to the case of 
Sobolev spaces 77 s (R n ). An example is the following result. 
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Lemma 2.3. Let s G MP, Let {u 7 }^ gZ „ be a a family of elements from H s (M. n ) n 
V' K (R n ), where K cM" is a compact subset such that (K - K ) n Z" = {0}. Pui 

u = r 7 u 7 = u 7 (• — 7) = J]] (5 7 * u 7 G V' (M. n ) . 

7 eZ" 7 ez™ 7 ez™ 

T/ier* £/ie following statements are equivalent: 

(a) u G H s (R ) . 

( b ) E 7 ez- IKII«= < °°- 

Moreover, there is C > 1, which does not depend on the family {u 7 }^ gZ „, suc/i 
(2.1) C" 1 ||u|| w . < ( ^ |K||^ S ] <C\\u\\ HB . 

\ 7 6Z™ / 

Proof. Let us choose 95 G Cg° (R™) such that tp = 1 on K and suppyj = X' satisfies 
the condition (K' - K') n Z n = {0}. For G [0, 2tt]™ we set 

7 ez™ 7 eZ" 

u e = X! e i<7 ' e) T 7 u 7 = 5^ 

7 ez™ 7 ez- 

Since (K 1 - K') n Z" = {0} we have 

Ug = ip e U, U = LpgU^g. 

Step 1. Suppose first that the family gZ „ has only a finite number of non- 

zero terms and we shall prove in this case the estimatc (|2.1j) . Since ug, u G £' G S' 
it follows that 

U$ = Vg * U, U = Vg * U-g, 

where vg = (p g = (27r) n X) 7 gz™ *P (27r7 + 9) S2^ 7 +g is a measure of rapid decay at 
00. Since ug, u G C^ ol (R n ) we get the pointwise equalities 

ug (0 = (27r)" $ + ) " (£ ~ 27r 7 - 0) , 

7 GZ™ 

u (0 = (2tt) w X ? ( 27r 7 + 0) u-e (f - 2tt 7 - 0) . 

7 GZ™ 

By using Peetre's inequality we obtain 

«0> S \ue (01 < 2 |s|l/2 (2tt)" J] ((27T7 + 0» |s| |£ (2^ 7 + 0)| 

7 ez™ 

■{^-2^ 1 -9)) s \u^-2tt 1 -9)\, 

and 

< 2l s l 1 / 2 (27T)" ]T «27r7 + e» |s| 1^(2^7 + ^)1 

7 GZ" 

• ((i-2TT 1 -9)) 3 \u^g (f-27T7-0)|. 
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From here we obtain further that 
\\ue\\ n . = ||((-}) s u e || i2 



< 



2 N 1 /2( 27r )" £ ((27r 7 + 0)) |s| 1^(2^7 + ^)1 ||«-» S 



lL 2 



and 



2l^/ 2 (27T)" E ((27r 7 + 0))' s ' |£(2tt 7 + 0)| ] ||«|| w 

Cs,n,<p \\ u \\f{B 



\\u\\ H . < 2\*\>/ 2 (2tt)" ^ ((2^7 + ^)) |S| 1^(2^7 + ^)1 ||u-«|| w 



= Cs,n,ip \\ u -d\\-^B ■ 

The above estimates can be rewritten as 



/ «£» 2s MOI 2 d£ < c 2 n „ 

ii«ii«. < c?,», v / <(o> 2s |s_ e (oi 2 de 

On the other hand, the equality ug — X) 7 eZ" e 1 ^ 7,e ^r 7 w 7 implies 



70 



with finite sum. The functions 9 — > u±g (£) are in L 2 ([0, 27r]™) and 

(27T)"" / \U ± 0(0\ 2 ^= J2 1% (Ol 2 - 

J[o,27ri" .rr„ 



Integrating with respect the above inequalities we get that 



E Kllw- < C 



\uf HS < Cl nv E IKII«s • 

7£Z" 



/S^ep The general case is obtained by approximation. 

Suppose that u 6 W (R rl ). Let i^eCJ (R rl ) be such that i\) = 1 on B (0, 1). 
Then -> u in W (R n ) where ^ e (a;) = V (ea;), < e < 1, x G R". Also we have 

|^ e w||« s < C (s,n,tp) \\u\\ n . , < e < 1, 

where; 



C(s,n,V) - (27r)""2l s li/ 2 sup f / (r/)' 8 ' 1 e"™ $ fa/e) 

0<£<1 \J 



d?/ 



(£?7) |s|1 



= (2^)-"2l s li/ 2 sup ( f 

0<e<l 

< (2^)-"2l s l 1 / 2 ^ (ry) 1811 |^(»7)|d^ . 



d/y 
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Let m G N, m > 1. Then there is e m such that for any e G (0, e m ] we have 
ip £ u= 53 t 7 u 7 + 53 r 7 ((t — r i/' e )w 7 ). 

7 |<m finite 

By the first part we get that 

53 \\ u -t\\m ^ C ln, v W u \\us < C? intV C (a,n,il>) 2 \\uf ns . 

|7|<m 

Since m is arbitrary, it follows that X) 7 ez™ ll u 7ll«= < 00 ■ Further from 

|7|<m 

we obtain that 

£ KI&.<C? ini J«|&., VtogN. 

|7|<m 

Hence 

53 ||« 7 llw» ^ C ln, V \\ U \\n° ■ 
7 GZ" 

Now suppose that X) 7 ez™ ll u 7ll«s < 00 ■ F° r ?™ G N, to > 1 we put u (m) 
E| 7 |< m ^7%- Thcn 



||u(m+p) -u(m)|&. < C s 2 „ >v 53 



X 7ll-H= 



m< |7| <m+p 

It follows that {u (m)} m > 1 is a Cauchy sequence in V s (R™). Let d£F (R™) be 
such that u (m) -> w in "H s (R n ). Since u (m) ->■ u in D' (K n ), it follows that u = v. 
Hence u (to) — > u in "H s (R™). Since we have 

||«M|&. < C s 2 „ >v ^ < C s 2 „ >v ^ , Vto g N. 

| 7 |<m 7GZ" 

we obtain that 

7 GZ" 

□ 

To use the previous result we need a convenient partition of unity. Let N E N 
and {x\, ...,Xn} C R™ be such that 



[0, 1]" C[ X1 + 



1 2 

3' 3 



U...U [x N + 



1 2 

3' 3 



Let ft G C£° (R n ), ft > 0, be such that ft = 1 on [±, §]" and suppft C [\, §]" Then 

(a) 5 = E 7G Z" ^ 7 +x 4 ft G ^C 00 (R n ) is Z"-pcriodic and ff > 1. 

(b) ft, = ^ G C °° (R™), ft, > 0, suppft, C Zi+fi, £]" = K u (Ki - x,)nz" = 
{0},i = l,...,JV. 

(c) X, = E 7 ez- ^ G (R™) is Z"-periodic, i = 1, N and £ti Xl = 1. 

(d) *» = Eti ^ e (R™), ft > 0, E 7 ez- ^ 7 ft = 1. 

A first consequence of previous results is the next proposition. 
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Proposition 2.4. Let s e R j and m s = [|s| x + ^] + 1. Then 

Proof. Let u 6 "H s (R™). We use the partition of unity constructed above to obtain 
a decomposition of u satisfying the conditions of Lemma 12.31 Using Proposition 
O(c), it follows that Xl u € H s (M n ), z = 1, ...,iV. We have 

AT 
i=l 

with e V s {R n ), 

Xi u = ^ r 7 (/kt_ 7 u) , ftiT_ 7 ti G ft 8 (R n ) n Z>^. (R n ) , 



70 



(x, - x,) n z n = {0} , i = i,...,N. 



So we can assume that u E H s (R n ) is of the form described in Lemma [ 
Let t/j 6 BC nis (R n ). Then 

with if) = (p (t where € (R™) is the function considered in the proof of 

Lemma 12731 We apply Lemma |2~31 and Proposition [57j] (b) to obtain 

\\ipu\\% < C S 2 „ :V W^iV-tWn* 

and 



||^ 7 «7|| w . < Cat £ ||a Q (^(r_ 7 ^))|| i2 K|| w . 

\|a|<m. / 

< Cfltll^.W^.KII^, 7 ez». 

Hence another application of Lemma 12.31 gives 



< est llvll^a ll^llec^ II"" 2 



Corollary 2.5. Le£ seW. Then 

BC°° (R n ) ■ H s (R n ) C W s (M n ) 
Lemma 2.6. Lei Ai, A 2 > 0, Ai + A 2 > n/2. Then 

(•} R ,? Al * (-) R „ 2A2 < (■> K 5 Al+A2) 



L 1 



□ 



Proof. The case Ai • A 2 = is trivial. Thus we may assume that Ai, A 2 > 0, 
Ai + A 2 > n/2. Then 

(•r 2Aj ^, Pj = ±±^>i, j = 1,2. 
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Since ^- + = 1, by using Holder's inequality we get 



Or" 1 * <->e' A2 < (•), 



2Ai 



(•): 



-2A 2 



LP2 



with 



-2\i 



Pi 
Vi 



/[(i + IClT A ' 



Aj+A 2 



-2(Ai+A 2 ) 
R™ 



-Ai — A2 



L 1 



Therefore, 



-2Ai , X -2A 2 



< 


<->R 2A1 




Or 2 ' 2 








, >-2(A! + A 2 ) 
\7R™ 


pi p 2 




, v-2(A! + A 2 ) 
V/R" 


L 1 ' 



at 

.7 = 1,2. 



L p 2 



□ 



Lemma 2.7. Le£ s, i e R, s + t > n/2. For s e (0, s + t - n/2) we put a (e) 
min {s, t, s + t — n/2 — e}. T/ien 



{■)^ s *{-)^<C{s,t,e,n) (.)"„ 2 ^ 



where 



C (s, t, e, n) 



22cr(e) + l 

2k(<0l 



<•>: 



-2(s+t-(r(e)) 



(•>: 



-2(a+t) 



L 1 



L 1 



«,t>0, 
i/ s < or t < 0. 



Proof. Let us write <r for cr (e). 

Step L The case s,t > 0. We have 



(•} R „ 2s * Or* (0 = / (£ - ?7}r 2s (?7>r 2 * dry + / (£ - ?7} R „ 2s (77) R 2 * dr? 

(a) If|rj-£|>!K|,then 



and 



< 2 2 -(0 R 2ff (e-^) R 



2(s-ct) 
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Since s — a + t = s + t — n/2 — e — a + n/2 + e > n/2 + e > n/2, the previous lemma 
allows to evaluate the integral on the domain \t] — £| > \ |£| 



h-«l>|lll 



T\-tX>\\(\ 

< 2 2CT <o R 2CT (<-> R 2(s - ff) * <-) R 2t ) (0 



2(s-ct) / \-2t , 



< 2 



2a 



(•): 



-2(s+t-cr; 



L 1 



(0; 



-2a 



(b) If |r/ - £| < i then > |£| - \rj - £| > ± |£|. We can therefore use (a) to 
evaluate the integral on the domain \n — £| < ^ It follows that 

/ (£ - v)^ S (v)m^ d?7 < / (f - ?7>r 2s (??>r 2 * d»? 



<c> R 2s (e-o^dc 



21 



\c-t\>m 



< 2 



2a 



(•): 



-2(s+t-a) 



L 1 



(0: 



-2a 



(c) From (a) and (b) we obtain 



<-> R 2s *<■>;.* <2 2 -+ 1 ||{-)«5 s+t - CT) || ii <->m' ct - 

S/je/j 2. Next we consider the case s < or t < 0. If s < and s + t > n/2, then 
(j = s. In this case we use Peetre's inequality to obtain: 

<-> R 2 %(-> R 2t (£) = J(Z-v)£'(ri)i?an 

-2{s+t) 



< 2 |s| 



<•>> 



-2(s+t) 



= 2^ 

The case t < can be treated similarly. 

Since «-)) s = ® ... ® , s = ( Sl , Sj ) G 



L 1 



dry 

2a 



a 



we obtain 



Corollary 2.8. Let s, t, e, <r(e) G W such that, si+ti > ni/2, < £; < s; + i; — 
ni/2, a i (e) =cr ; (ej) = min {s;,^,s ; + t ; -n ; /2-e ; } /or any I G {l,...,j}. T/ien 
/j/iere is C (s,t,e,n) > such that 

((.))- 2s *((.))- 2t <C(s,t, £ ,n)((.»- 2CT ^. 

Proposition 2.9. Let s, t, e, cr(e) G 1R- 7 ' smc/i i/iai, s; + t\ > ni/2, < si < 
si+ti- ni/2, a i (e) =er ; (e ; ) = min {,s ; , tj, s; + t t - n t /2 - e ; } for any I G {1, j}. 
T/ien 

H s (R n ) • H* (R n ) c H CT(e) (R n ) 
Proof. Let us write a for cr (e). Let u,v e S (W l ). Then 

ll«-«l|^ = |K<->rtn>||' a = / \((or<rv{o\ 2 ^ 



= (2*y 2n j \((oru*v(o\ 2 dt 
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By using Schwarz's inequality and the above corollary we can estimate the integrand 
as follows 



<(/ | «r7» s S (77) | 2 | «e - r?))* ^(^ - r7) | 2 ^ • 



2a- 



-drj 



2t 



d?7 



<<7(s,t,e,n) / \{(v))'Z{v)\ ({Z-vtfViZ-v) 



Hence 



||«-«||^ < C'(s,t,e,n) j (J \({v)) S u( V )\ 2 ((Z-ntfvte-r,) 

= C (s,t,e,n) ||m||^ s IMI^t 
To conclude wc use the fact that S (W 1 ) is dense in any U m (R™). 



dry dC 



□ 



Corollary 2.10. Let sef. J/si > m/2, Sj > rij/2, t/ien H s (R n ) is a Sanac/i 
a/ge&ra. 

3. Kato-Sobolev spaces K s p (R™) 

We begin by proving some results that will be useful later. Let ip, ip £ (R n ) 
(or ip, ip 6 S (MP)). Then the maps 



B"xR" 9 (x,y)^<p(x)i>(x-y) = (ipT y iP)(x)£C, 
K"xl" 3 (x,y)^y(y)iP(x-y) = ip(y)(T y ^)(x)&C, 
are in Cg° (R™ x R") (respectively in S (M n x R™)). To see this we note that 
f = (tp <g> ip) o T, g = (<p <g> ip) o 5 

where 



T 
5 



T (*,</) = (*,*-</), Tee ( * ^ ) 



S (a;,J/) = (y, x - y) , S = 



I 



Let u e V (R") (or ueS'(R")). Then using Fubini theorem for distributions 
we get 

= ((u® l)(a;,y),^(a;)V(a;-y)) 
= (u(x),ip(x)(l(y),ip(x-y))) 



= \u (x) ,<p(x) I ip(x-y) dy 
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and 

<«®1,/) = (l(y),(u(x),<p(x)ip(x-y))) 

= J {u,(fT y tp)dy. 

It follows that 



valid for 

(i) u G 2?' (M"), V G C °° (R rl ); 
(ii) u G <S'(R") , <^,V G «S(R"). 
We also have 



and 



Hence 



true for 



(u®l,g) = ((u®l)(x,y),(p(y)ip(x-y)) 

= {u{x),{\{y),<p{y)i>{x-y))) 

= (u(x) ,(<p*i>)(x)} 

= (u,(p*ip) 

(u®l,g) = (l(y),(u(x),<p(y)i>(x-y))) 

= J V (y) (u, TyiP) dy. 

{u, ip * tp) = J (p (y) (u, T y i}j) dy 



(i) MeP'(l")^>6C Mrv ' ' 



-0 

(ii) u G S'(R n ) , ip,ip G S(R"). 

Lemma 3.1. Let <p, %p G C£° (R rl ) (or <p, tp e S (W 1 )) and u G V (R n ) (or u G 
«S'(R")). Then 

(3-1) ^ ^ (u,v> = J (u,<pT y il>)dy 

(3.2) (u,ip*i))= J ip (y) (u, r y ip) dy 

If ei, ...,£„ is a basis in R™, we say that T = ©™ =1 Zej is a lattice. 

Let T c R" be a lattice. Let V G 5(K"). Then £ 7er T 7 V> = E 7 er^(- -7) 
is uniformly convergent on compact subsets of 1". Since d a ip G S (R™), it follows 
that there is * G C°° (R") such that 

* = £t 7 V = 5>(--7) mC°°(R n ). 
7 er 7 er 

Moreover we have = \& (• — 7) = \& for any 7 G L. From here we obtain that 
* G i3C°° (R"). If * (y) 7^ for any y G R", then £ G BC°° (R™). 
Let G «S (R n ). Then 

7 er 
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with the series convergent in S (M™). Indeed we have 

^(x) k \d a y(x) 8^(x-j)\ 
■yer 

< sup(y)" +1 \d^(y)\ V (x) k d a <p{x) (x - 

y 7 er 1 

< 2^ snp (y) n+1 (y)\ snp (z) k+n+1 \d a <p (z)\ V (7)-"- 1 . 
v z 7 er 

This estimate proves the convergence of the series in S (W l ). Let X be the sum of 
the series X) 7 er V i T j' l P) m <5 (R n ). Then for any y 6 R™ we have 

= X! (<W( r 7^)) = ^2f(y)^(y--y) 

7 er 7 er 
= <P (y) *(!/)• 

So ¥>* = £ 7er¥ >M0 inSQR"). 

If V, G C§° (K n ) and 5 (M n ) is replaced by C§° (E n ), then the previous obser- 
vations are trivial. 

Lemma 3.2. Let u e V (R™) (or u G S' (R™)) and ip,<p e (R n ) (or ip, <p G 
5 (!")). T/ien * = £ 7er r 7 ^ G £C°° (R rl ) is r -periodic and 

(3-3) <u, = <u,(r 7 V)¥>>- 

7er 

Lemma 3.3. (a) Let X G 5 (R") and u G 5' (M™). T/ien xSg5' (R n ) n (R n ). 
In fact we have 



Xu (0 = (e-^-flu, x) = («, e- lU) X) , £ G R n . 
(b) Let u 6 X>' (M«) (or u G 5' (R™)) and x G C£° (R™) (or x G 5 (R n )). Then 

R™ xK"9 (y, ^ (0 = («, e- i( -^x (■ - I/)) G C 
is a C°° -function. 

Proof. Let g : R£ x R™ ->• R, g (x, £) = (x, £)• Then e~ ig (u ® 1) G 5' (R£ x R") . 
If <p G 5 (r^) , then we have 

(e~ i9 (u® 1) ,x® <p) = (u<8> l,e~ iq (x®¥>)) 

/ u(x),(l(0,B- i ^ X (x)^(0 

'u(x), X (x)(l(0,e- i{x ^v(0 
= (u, XV) = (xu, <p) 
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and 



This proves that 



xu(0 = (e- i{ ->°u,x), £g 



□ 



Let u G V (R™) (or u e S' (R n )) and x e (R") \ (or x G S (R") \ 0). Let 
X G C5 (R n ) (or x G 5 (R n ))and <^ G C£° (R"). By using (JSHJ) we get 



(uT zX ,ip) 



llxlk 



iixiii, 



(wtj/X, (t z x) (t»x) 



|(ur z x, <f) \ < 



\\uT y x\\ H s \\(tzX) ( T yX) <P\\ H -. 



Let r C 1" be a lattice. Let u G V (R") (or u <E S' (R™)) and let x G (R n ) 
(or x G 5 (R n )) be such that 

* = *r. x = ]T |t 7X | 2 >0. 

Then 9, i G £C°° (R") and both are L-periodic. Let x G (R n ) (or x G S (R n )). 
Using (|3.3p we obtain that 



7er 



\(ur z x,<p)\ < W UT lX\\ n s 



7er 



( T 7*) ( T *x) V 



< C* ^ ||wr 7 x|| HS ||(r 7 x) (t*x) • 
7er 

In the last inequality we used the Proposition 12 .41 and the fact that -^ G BC°° (R n ). 

If (Y, fi) is either R™ with Lebesgue measure or L with the counting measure, 
then the previous estimates can be written as: 

\(ut z x, <p)\ < Cst / \\uT y x\\ U s ||(tzx) (ryx) <p\\ n — d M (y) 
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We shall use Proposition 12.41 to estimate ||(t z x) ( T yX) vW-u-*- Let us write 
for[|s|j + s±i] + 1. Then we have 

W(tzX) i T vX) ¥>\\ n -e < Cst sup \((T z d a x) (T y d p x))\ \\<p\\u- ■ 

\a+p\<m e 

For any JVeN there is a continuous seminorm p — pat, s on S (R n ) so that 
\(Tzd a x) (T y d x) (x)\ < p{x)p(x) (x - z)~ 2N (x - y)~ 2N 



< 2 N p(x)p(x)(2x~z-y)- (z-y) 



-JV 



-N 



< 2 N p(x)p(x)(z-y) 

Here we used the inequality 

(xy 2N (Yy 2N < 2 N (x + yy N (x - y}~ 

which is a consequence of Peetre's inequality: 



-N 



(X + Y) N <2f (X) N (Y) N 



(X + Y) N {X - Y)" < 2 N (Xy y (Y) 



\a + 0\< m s 



X,Y G 



(X-Yf <2f (X) N (Y) N 



Hence 



sup | ((r z d a x) (r y d^x)) \ < 2 N P n, s (x)Pn,s (x) (z ~ yy N , 

\a+0\<m B 

\\{tzX) ( T v x) <P\\ H -. < C (N, s, x ,x) (z - yy N |M| w -s , 

\(uT g x,<p)\ < C(N,s,x,X) (J^ \\uT y x\\ H . (z -y)~ N d(j.(y)\ \\<p\\ n - m . 

The last estimate implies that 

\\ut z x\\ H s < C (N, s, x,x) (J^ \\ut v x\\ h . (z - yy N dfj. (y)\ 

Let N = n + 1 and 1 < p < oo. If [Z, v) is either R™ with Lebesgue measure or a 
lattice with the counting measure, then Schur's lemma implies 



\\ur z x\\ p nB dv(z)) <C'(n,s, X ,X) <•>"" ' 
For p = oo we have 



L L 



\\uryxWL, (y) ) 



sup \\uT z x\\ n . < C (n, s, x,x) {■) 



-n-l 



LI 



supll-UT^xll^s 



By taking different combinations of (Y, fi) and (Z, v) we obtain the following result. 

Proposition 3.4. Let u € V (M n ) (or u e 5' (R™)) and x € Cq° (R n ) \ (or 
XG5(R")\0). Letl<p<oo. 

(a) Ifx€Cg° (R™) (or x e 5 (R™)), iAen i/iere is C (n, s, x,x) > such that 



uTyx\\ n sdyj < C (n,s,x,x) \\uT y x\\^sdy 

supllwrjrxll^s < C(n,s,x,x)sup||ur 2/ xl| ws - 
v y 
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(b) If r C R™ is a lattice such that 

* = *r, x = E l r ^! 2 > 

and x G C£° (R™) (or x e S (R™)) ; t/ien fAere is C (n, s, T, x,x) > sucA that 

\\uTyx\\ n . < C{n,s,T,x,x) ^E H UT 7Xllwej , 

sup ||wTyx|| W s < C(n,s,r,x,x)sup ||ut 7 x|| W s • 

y 7 

(c) 7/f C R" is a lattice and x G Cg° (R™) (or x G <S(R™)), t/ien there is 
C (n, s,T,x,x) > such that 

)p i 
< C(n,s,f,x,x) ( J WuTyxWn- d v) > 

sup||wr 7 xll W B < C 1 (n,s,r,x,x) sup \\ut v x\\ Us ■ 
7 y 

(d) If T, f C R™ are Zartices swcA iAat 

* = *r, x = E |r 7X | 2 > 

7er 

and x G C£° (R™) (or x G 5 (R™)), £Aen £Aere is C (n, s,r, f , x,x) > sucA that 

E ll ur 7xll«s < c (n, s, r, x,x) E ll ur 7Xll«s 

sup ||ut 7 xI|«s < C(n,s,r,x,x)sup||ur 7 x|| Ws • 

7 7 

Definition 3.5. Let 1 < p < oo, s e R J and u £ V (R n ). VFe say fAai u belongs 
to ICp (R™) i/ £/iere is x G Cq° (R n ) \ smcA i/iai iae measurable function R™ 9 y — > 
||uTyXll«s G R ae/ongs to (R™). VKe put 



J \\ UT yX\\n- d yj ' l<P<oo, 



IMIs,oc, X = IMIs,ul. X = SU P \\ UT vX\\ n s ■ 

y 

Proposition 3.6. (a) The above definition does not depend on the choice of the 
function xeC °° (R") \ 0. 

(b) IfxeC%° (R™) \ 0, then |H| S)P)X is a norm on K s p (R™) and the topology that 
defines does not depend on the function x- 

(c) Let r C R™ be a lattice and x G (R n ) be a function with the property that 

* = *r, x = E Kxl 2 > 0. 
7er 
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Then 

K. s p (R n ) 3 u 



E 7 er \\ UT iX\\n-J 1 < P < oo 
sup 7 \\uT~txWw P = oo 



is a norm on /C* (W 1 ) and the topology that defines is the topology of (R"). We 
shall use the notation 



■,r,x 



E 7 er \\ UT ~<x\\us) " l<P<oo 
sup 7 ||ur 7 x|| 



00 



(d) J/ 1 < p < q < oo, Then 

K.\ (R") c /C; (R n ) c K s q (R") c (R n ) = ?C (R n ) C S' (R n ) . 

(e) J/ si < < Si, then K\ (R™) C /C^' (R n ). 

(f ) (R") , |Hls,p, x ) ls a Banach space. 

(g) u £ JC s p (R™) i/ and on/?/ i/ i/iere is I e {1, j} swc/i i/iai it, <9 fc u € /C^" 5 ' (M") 
/or ant/ fc € 7V i7 w/iere 5; = (5n, o"y). 

(h) //si >m/2,...,s j >n,-/2, i/ien (R") = 7^ (R") cBC(R n ). 

Proof, (a) (b) (c) are immediate consequences of the previous proposition. 

(d) The inclusions K\ (R") C K s p (R n ) C (R n ) C /C^ (R n ) are consequences 
of the elementary inclusions I 1 C V C Z 9 C Z°°. What remains to be shown is the 
inclusion fC^ (R") = (R n ) C S' (R n ). Let ae^frjje (R") \ and 
93 G Cq° (R n ). We have 



{ UT yXi (TyX) dy, 



llxll", 



< 7—2- / K^x, OyxMldy 



< 



< 



1 



\\uT v x\\ n s \\(t v x) <f\\ n -s dy 



— IMIs,oo, x / \\( T yX)<p\\ n -sdy 



~ 11x112 

We shall use Proposition 12 .41 to estimate ||(tj,x) tp\\ n - s . Let x 6 Of (K n ), x = 1 on 
suppx- If m s = [\s\ 1 + + 1, then we obtain that 

\a+/3\<m s 

= C sup |(9»(r y 9 Q x)lllxll w -s. 

\ot+fi\<m s 
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Since x, tp G S (R n ) it follows that there is a continuous seminorm p = p„ iS on 
S (R n ) so that 

\(d^)(r y d^x)(x)\ < P(<p)p(x)(x-y)- 2{n+1) (x)~ 2{n+1) 

< 2 n+1 p (<p)p( X ) (2x 

< 2 n + 1 p^)p(x)(y)- {n+1 \ \a + (3\<m s . 

Hence 

\{u, ( p)\<2^ 1 C-l s -\\u\\ B>00>x \\x\\n-P(x)p{<P)- 

(e) is trivial. 

(f) Let {u n } be a Cauchy sequence in /C p (R"). Since JC s p (R™) C S 1 (W l ) and 
5' (R™) is sequentially complete, there is u G S' (R™) such that u n — > u in 5' (R n ). 

Let T G R™ be a lattice and x € (R™) be a function with the property that 

* = *r, x = E Kxl 2 > 0. 

Then for any 7 G T there is u 7 G H s such that u„t 7 x — > u 7 in H s (R n ). As u n — > u 
in S' (R™) it follows that u 7 = ut 7 x for any 7 G T. 

Since {«„} is a Cauchy sequence in /C^ (R™) there is M G (0, 00) such that 
||u„|| s r < M for any n G N. Let e > 0. Then there is n £ such that if to, n > n e , 

then ||u m - u n || s , P) r, x < £ - 

Let FcTa finite subset. Then 

Yl W ut iX\\h- -IH IK7X- w™t 7 x||^ b + E ll u « r 7Xll«s 
\l£F J \7e-F y \7eF 

< E H M7 "-r^ _ «™r 7 x||^ B + M 
\ieF J 

x 

By passing to the limit we obtain (^2 ieF ||wt 7 x||^ s ) " < M for any FcTa finite 
subset. Hence tig^(l"). 

For F C r a finite subset and m,n > n £ we have 



E H UT 7X - UnT-yXWn* 



v7 GF y \7eF 

< E ll UT 7X - "mT 7 x||^ s ] +£ 

\7eF 
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By letting m4oowe obtain (j2 ieF \\ut 7 x ~ Un'~ 7 x||^ s J * — £ f° r an Y P C T a 
finite subset and n > n e . This implies that u n —> u in JCp (R n ). The case p — oo is 
even simpler. □ 

Proposition 3.7. Let s. t, e, <r(e) G R J ' sitc/i i/iai, s; + > ni/2, < ei < 
si + t t - ni/2, at (e) =a x (e t ) = min {s;,t;,s; +t t - ni/2 - £;} for any I G {1, j}. 
7/I + i = i, i/ien 

J p y q r ? 

ic; (M n )-H* (R") cK (R n ) 

Proo/. Let x G C5 (R n ) \ 0, u G JC s p (E n ) §i v G (M n ). By using Proposition [2H 
we obtain that uvt v x 2 G % rT and 

||W"J/X 2 || W „ < ClIUTyXH^S \\UTyX\\ n t 

Finally, Holder's inequality implies that 

\\uv\\^ x .<C\\u\\ StP J\v\\ s ^ x 

□ 

Corollary 3.8. Let s G W and 1 < p < 00. If s± > ?ii/2, Sj > nj/2, then 
]Cp (M™) is an ideal in /C^ (R™) = 7^ (M™) with respect to the usual product. 

Now using the techniques of Coifman and Meyer, developed for the study of 
Beurling algebras A u and (see |Co-Mej pp 7-10), we shall prove an interesting 
result. 

Theorem 3.9. W (R n ) = K\ (R n ). 

To prove the result, we shall use partition of unity built in the previous section. 
Let N G N and {xi, x N } C l n be such that 



[0, 1]" C X! 



1 2 

3' 3 



U...U ijv + 



1 2 

3' 3 



Let heC$° (R n ), h>0 7 be such that fe = lon [±, |] n and supph C [\, §]". Then 

(a) H = Y™= x E 7 ez- T i+*fi G (R n ) is ^"-periodic and > 1. 

(b) = la* e c °° (R"), > 0, supp/j, c [i, §]" = (#< - ^-)nz n = 

{0},i = l,...,iV. 

(<0 X, = E 7 ez- T-r'N e BC °° ( R ") is ^-periodic, i = 1, N and £^i Xi = 1- 



(d) ^ = E<=i ^ G (R«), ft > 0, E 7eZ n r 7 h = 1. 
Lemma 3.10. /CI (R n ) C H s (R"). 
Proof. Let u G /C| (M n ). We have 

N 

u = 2_.Xj u with Xj u = J]] { T ihj)' 

j=l 7£Z" 

Since u G /C| (R n ) applying Proposition 13.41 we get that 

2 



70 
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Using Lemma 1231 it follows that \j u G % s an d 



\Xj u \\w 



E H^AHI^ <^ 



where ||-|| s 2 is a fixed norm on /C| (M n ). Sou = 2*Li Xj u G % s (^™) an( i 

jv / N 

H*.<£IMI W .< £^ 



Lemma 3.11. "H s (R n ) c A2j (M n ). 

Proof. Then the following statements are equivalent: 

(i) u G % S (R") 

(ii) G H s (R n ), j = 1, ...,N. (Here we use Proposition 00 (c)) 

(iii) {||(r 7 ftj) eZ „ G Z 2 (Z n ), j = 1, N. (Here we use Lemma 

Since h = J2f=i hj an< ^ 

N 

||(r 7 /i)«|| w < £ 7GZ" 
j'=i 



□ 



we get that { ||(r 7 /i) u|| w =} 7eZ „ G I 2 (Z n ). Since /i = ^- G C, 

J2yez n T 7^ = 1 h follows that u G /C| (M") and 



•o 50 (M n ) 



/i > 0, 



i.2,/i 



r fc)u|| w .} 



7G2 



< E {ik^-hIh*} 



3=1 

iV 



7£J 



J2(Z») 



□ 



Corollary 3.12 (Kato). Let s, t, e, a(e) £ R j such that, si+ti> ni/2, < £1 < 
si + t t - ni/2, at (e) =a x (e t ) = min{s;,t;,Sj +t t - n t /2 - £;} for any I G {1, 
Then 

H s nl (K n ) • H* (K") c ft" (K") , H 8 (R n ) • H* x (R n ) c (K") . 

Lemma 3.13. If l<p< 00, then S (M™) is de^se in /CJ (R n ). 

Proof, (i) Let V G (M™) be such that V = 1 on 5(0,1), ip e (x) = ip(ex), 
< e < 1, x G 1". If u G -H s (IT), then -> u in V s (R n ). Moreover we have 



\\ip s u\\ n » <C{s,n,i>)\\u\\ ns , 0<e 



< 1. 
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where 



C(s,n,V) = (2ny n 2^^ 2 sup ( f (f]}^ 1 e~ n 4>(r)/e) drj) 

0<e<l \J J 

= (27r)""2l s li/ 2 sup ( f (ery) |s|1 i> (??) 

0<e<l \J 



(ii) Suppose that u £ K. p (R™). Let F C Z" be an arbitrary finite subset. Then 
the subadditivity property of the norm ||-|j ;p implies that: 



7 eZ™\F 



ii uT 7xii« s 

i 76Z"\F 



< 



V 7GF 

By making e — > we deduce that 



(C( S ,n,V) + l)( E ll^xllw 

i 7eZ"\F 



Iimsup||^ e u-ti|| S) p )Z « )X < (C(s,n,^) + 1) [ ^ H ur 7Xll«s 

,7GZ"\_F 



e->0 



for any FcZ™ finite subset. Hence lim e ^o V^ - " = M m /Cp(R n ). The immediate 
consequence is that 

(iii) £' (R n ) n K% (R™) is dense in K s p (R™). 

(iv) Suppose that u e £' (R")n/C p (R™). Let <p G (R™) be such that supp^ C 
B (0; 1), / ip (x) dx = 1. For e e (0, 1], we set ip e = e~ n ip (-/e). Let if =suppu + 
5(0; 1). Let x £ (R™) \ 0. Then there is a finite set F = fk, x C Z n such that 
(r 7 x) (</? e * u — u) = for any 7 e Z™ \ F. It follows that 



J2 IK T 7X) far *' 



17GF 



E l^ T 7X) (V e *«-«)ll«. 

\<p £ * u ~ u\\ n s — > 0, as e — >• 0. 



□ 



We end this section with an interpolation result. We choose Xz™ e Q)° (^™) so 
that J]fcGZ" Xz™ (' — = 1- For fc e Z™ we define the operator 

Sk ■ V (R") -> D' (R n ) , S fc u=(T fc x z „)u. 
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Now from the definition of JC* (R") it follows that the linear operator 

S : K s p (R n ) -> P {Z n ,U s (M n )) , Su = (S k u) keZn 

is well defined and continuous. 

On the other hand, for any x G Co° (R n ) the operator 

R x : P (Z n ,n s (R n )) -)• /C; (R n ) , 

fi X ((«*)*6Z») = E ( T fcX)«fe 

fcez™ 

is well defined and continuous. 

Let u = (ufc) fcez „ £ l p (T\W (R™)). Using Proposition 13] we get 

ll( T fc' Xz») ( r fcX) u fe||«s < Csi sup |((T fc -5 a Xz") ( T kd p x))\ ■ 

\a+/3\<m a 

where m s = [\s\ 1 + ] +1- Now for some continuous seminorm p = p n<s on 
S (R 71 ) we have 

|((r fc ^ Q Xzn)(r fe ^ X ))W| < P(x^)p(x)(x-kr 2{n+1) (x~k)- 2 ^ 

< 2 n+1 p(xzn)p( X ) (2x — k' — fc)-"- 1 (k' - fc)-"- 1 

< 2 n+1 p(x^)p(x)(k' -k)- n -\ \a + (3\<m s . 

Hence 



sup 

\ct+P\<m B 



| ((rfc^Xz-) (r*^x)) I < 2 n+ V (xz»)P (x) - k) 



-n-l 



\\(T-k'X^)(TkX)uk\\ n ,<C(n,s,x^ 1 x)(k'-k) ™ 1 \\u k \\ n . ■ 
The last estimate implies that 

\\(rk'Xz«) R x(^)\\n- ^ CO^Xz^x) E ~ fc )~"~ IKIIw 

feGZ™ 

Now Schur's lemma implies the result 

( E \\(Tkazn)R x (u)\\ p HB Y <C(n J s,xz.,x)||(->" B " 1 || ( E Ww.) • 
Vfc'GZ™ / \fceZ" / 

If x = 1 on a neighborhood of suppxz« j then xXz™ = Xz™ an d a s a consequence 

-^x^ = Id S£,(K™) : 



^x 5 " = E ( T kX)S k u = E ( Tfe X) ( T *=Xz")' 
ceZ" 

E ( T feXz-) u = 



feez™ 

Thus we proved the following result 



Proposition 3.14. Under the above conditions, the operator R x : l p (Z™, H s ) —> Kt 
is a retract. 



Using the results of [Trij section 1.18 we obtain the following corollary. 
Corollary 3.15. For < 6 < 1 

K*i (R") = [K% (R n ) (R")] e 
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4. Wiener-Levy theorem for Kato-Sobolev algebras 

We shall work only in the case j = 1, i.e. only in the case of the usual Kato- 
Sobolev spaces. The case J > 1 can be treated in the same way but with more 
complicated notations and statements which can hide the ideas and the beauty of 
some arguments. So 



r) = {« e S' (R™) : (1 - A K „) s/2 u e L 2 (R™) j , 



(1- A R „) s/2 u 



L 2 



Let 1 < p < oo, s e R and u e V (R™). We say that u belongs to u £ K, s p (R™) if 
there is x £ Co° (R")\0 such that the measurable function R" 3 y — > \\uT y x\\ ns G R 
belongs to LP (R n ). We put 

\H S , P , X = [J \\vt v x\\h- d v) , l<p<oo, 

\\ U \\s,oo, X = IMIs,ul, X =SUp\\uT yX \\ Hs ■ 

V 

In Kato's notation /C^, (R™) = (R™) the uniformly local Sobolev space of order 
s. 

Lemma 4.1. (a) BC m (R") C ?C for anymeN. 
(b) £C [|s|1+1 (R™) C U s uX (R n ) for any set 

Proof, (a) Let u E BC m (R n ) and x e 5 (R™). Then using Leibniz's formula 



V {UTyX) = £ ( 

f)<a ^ 



3 U ■ T y d a ~ x 



we get that d a (ut v x) € L 2 (R n ) for any a e N n with |a| < to. Also there is 
C = C (m, n) > such that 

H^xlU - f E W da ^yX)\\li\ <C\\u\\ BCm \\x\\ Hm , yeR n 

\\ a \<m J 

which implies 

h\L, nl , x <c\\u\\ BCm \\ x \\ nm . 

(b) We have £C [|s|1+1 (R«) c H^ l]+1 (R") C wJS 1 (R") C H s u1 (R™). □ 

Let ip e C£° (R n ), </? > be such that supp^ C S (0; 1), / ip (x) dx = 1. For 
e e (0, 1], we set ip s = s~ n ip (-/e). 

Lemma 4.2. If s' < s, then 

\\<p e * u - u\\ w . < 2 1 - min { s - s M} e mi 4 s - s '. 1 } || u || w , , ueH s (R n ) . 

Proof. We have 

F{<p e *u-u) (0 = (v(^) "1)2(0 

with 

£(ef)-l = y (e- 1 < Xl< *> -l)^(z) da; 
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Since e 1 — 1 < |A| we get 
If 0< s-s' < 1, then 

i$>(eo-ii = (eo - i^-c— ') ( e o - ir~*' 

< 2 1 "(^ s ') e s - s ' \£\ s - s ' < 2 1 -( s - s ') e s - s ' (£) s - 

which implies that 

y £ * u - u\\ HS , < 2 1 -( S - S 'W ||«|| w , u G H s (R n ) . 
If s' < s - 1, then 

||p e * u - u|| w ./ < e ||u||^ +1 < £ ||«|| w , ueH s (R n ) . 



□ 



Let \,Xo G ^0° (R") \ be such that x = 1 on SU PPX + B (0; 1)- Let u G 
H*! (R™). Then for < e < 1 we have 

r yX £ * M - u ) = T yX {<P E * ( UT yXo) ~ UT yXo) ■ 
Proposition 12.11 and the previous lemma imply 

\\TyX((P e *U-U)\\ ns , < C aljX \\(P E *(UTyXo)-UTyX \\ W > 

It follows that 

h e * « - «IUi,x < c s ,, x 2 1 - min {-^'.i} e -4-«M} || u || sjul xo 

Definition 4.3. (R") = (u^ (R") , |H| s , >ul ) . 

Corollary 4.4. (a) J/s' < s, then (R") n C°° (R™) is dense in ' (R n ). 
(b) // § < s' < s, then BC°° (R n ) is dense in ft^'- 1 (R«). 

Proof, (b) If s > f , then ^ (R n ) C BC (R n ). Therefore <£ e *?C (K n ) C £C°° (R n ). 

□ 

We need another auxiliary result. 
Lemma 4.5. The map 

C °° (M n ) x 7^ (R«) 3 (ip, u) -»■ * u G Wi. («") 
is well defined and for any x G 5 (R n ) \ we Ziawe i/ie estimate 

\\<P * u\\ s<nl>x < \\<p\\ L1 \\u\\ s xil x , (<p, u) G C °° (R") x ^ (M«) . 
Proo/. Let (<p,tt) G C£° (R™) x ^ (M n ), X G <S(M") s and V G 5(R"). Then 



using (|3.2p we obtain 

(r z x(<^*")» = (u, <p * ((tzx) ip)} = J <P (y) (u, T y ((tzx) ip)) dy 

<p(y){u,T- y ((T g x)i>))&y= / f(y)((Tz-vX)u,r-yip)dy, 
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where p(y) = <p (— y). Since 

\{(T z -yX)U,T-y1p)\ < \\(T z -yX)u\\ n , \\r-ylj}\\ n - s < \\u\\ StUl!X \\4>\\ n -s 

it follows that 

\(t z x(<P*u)^)\ < \\<p\\ L1 \\u\\ s ^ x U\\ n -, 

Hence r z x(p*u) G W (R n ) and \\t z x (<fi * u)\\ H . < \\f\\ L i IML, u i, x for every z G 
E n , i.e. <p * u G (R n ) and 

II^HUm,* < llvlLi ll u ll Sl ui, x 

□ 

Theorem 4.6 (Wiener-Levy for "H^ (R n ), weak form). Le£ Q = Q C C d and 
<P : i? — > C a holomorphic function. Let s > n/2. 

(a) /fit = (u\, ■■■,Ud) G (R n ) satisfies the condition u(R") G i?, iften 

<Z>ou = #(«) G?C(M"), Vs'<s. 

(b) Suppose that s' G (n/2,s). J/tt,it e G ^ (R") d , < £ < 1, u(R n ) C I? and 
m e — » u m (R™) d as £ — > 0, then there is £o £ (0, 1] suc/i ttat u e (R") C J? for 
every < e < e and <P (u e ) -> («) in 7^ (R") as £ -> 0. 

Proof. On C d we shall consider the distance given by the norm 

\z\ 00 =Tosx{\zi\,...,\z d \}, zeC d . 

Let r = dist (u (R"), C d \ ft) /8. Since it(R«) c f2 it follows that r > and 

(J B(y;4r) c 12. 

ye«(R") 

Let s' G (n/2, s). On (R™) d we shall consider the norm 

\\\u\\\ s , tVl = max{|K|| s , ul , ||u d || s , iUl } , u G Hi (R n f , 

where ||-|| s ; ul is a fixed Banach algebra norm on (R n ), and on (R n ) d we 
shall consider the norm 

||H|| 00 =max{|| Ul || 00 ,...,|K|| 00 } ) ueBC(R n ) d . 
Since (R") G BC (R n ) there is C > 1 so that 

IHL<c|HU ul 

s(s') 

According to Corollary WM BC°° (R™) is dense in U u ± ' (R n ). Therefore we find 
v = («!, G £C°° (R") rf so that 

III"- "Ills' ,ui <7 7 c - 

Then 

Hlw-t'llL < C'|||u-u||| s , )Ul < r. 

Using the last estimate we show that v (R n ) C UxeR™ ^ ( w ( x ) > r )- in deed, if z G 
u (R™), then there is x G R™ such that 

\ Z - V i X )\oo < r - lll U - M llloo 
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It follows that 

\ z ~ u ( x )\oc ^ \ z ~ v ( x )\ co + \ v ( x ) - u ( x )\oo 

< k — « (^)loo + Ilk - "llloo 

< ?'-|l|w-'«llloo + lll W - U llloo= r 

so z E B (u (x) ; r). 

From v(R n ) C LUr- B (u (x) ; r) we got 

v(R n ) + B(0;3r) C (J B (u (x) ; 4r) C /2, 

hence the map 



r x B (0; 3r) 9 (x, C) -> (« (a;) + ()eC. 



is well defined. Let F (r) denote the polydisc (9© (0, 3r)) . Since v (R n )+T (r) C 12 
is a compact subset, the map 

T(r)3(^ $(( + v) E BCM +1 (R n ) C ft£ (R rl ) 

is continuous. 

On the other hand we have 

(d + «i - , (Cd + «d - "d)" 1 G Hi (R") 

because ||m - Wi|| s , >ul , ||u d - v d \\ s , nl < r/C < r and |Ci I = ••• = ICdl = 3r. 
It follows that the integral 

>>=—J 77 ^ & 

(27ri) d Vr(r) (Cl + «l - Ul) ... (Q + v d - u d ) 

defines an element ft E H^i (R™)- 
Let 

S x : H^ (R") C BC (R") -> C, w-tw(x), 
be the evaluation functional at x G R™. Then 

h(x) = 1 f 4>(( + v(x)) 

(2^i) d Jr(r) (Cl - («1 (X) ~ V! (X))) ... (Cd - (Urf (x) - w d (x))) 

= <?(C + u(a;)) |^= U ( X )_„( X ) = ${u{x)) 

because \u (x) — v (x)]^ < \\\u — vWl^ < r, so u (x) — v (x) is within polydisc F (r). 
Hence ft = o u = <Z> (u) G H^ (R™), for any s' G (n/2, s) so 

*o«= #(u)€H^(R n ), Vs'<s. 
(b) Let e G (0, 1] be such that for any < e < eo we have 

\\\ U - U s\\\ s <,ul < r / C - 



Then Hlw-UellL < C \\\u - u £ \\\ s , ul < r and u £ (R™) C U x£M n B («(z) ; r) C 12 
for every < £ < Eq. 

On the other hand we have \\\v — u £ ||| s , ul < \\\v — u\\\ s , ul + |||u — w e ||| s , ul < 
r/C + r/C < 2r. It follows that 

(Ci +vi- Wei)" 1 , (Cd + «d - G Hi (R™) 

because ||u e i - vi|| s ', u i , |Kd - «d|| s> i < 2r and |Ci I = ••• = Kdl = 3r - 
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We obtain that 

(2rri) Jr(r) (Ci + «i - u e i) ■■• CCd + v d - "ed) 



•Mr) (Cl + vi - Ul) ... (Qd +Vd~ u d ) 



(2rri) Jr(r) (Ci + vi - ui) ... (Q + v d - u d ) 
as e -> 0. □ 

Remark 4.7. According to Coquand and Stolzenberg :CSj . i/izs type of representa- 
tion formula, was introduced more than 60 years ago by A. P. Calderon. 

Lemma 4.8. Suppose that s > max {n/2, 3/4}. Let J7 = J? C C d and : J? — » C 
a holomorphic function. If u — (u%,...,Ud) S (R ra ) d satisfies the condition 
u(R n ) c /2, tfcen 

S,-*(«) = Efl7- m©'(R"), j = l,...,n. 

fc=i Zfe 

Proo/. Let s' be such that max {n/2, 3/4, s - 1} < s' < s. Then s' + s' — 1 > n/2. 
Let it = (ui, Ud) G ("H;^ (K™)) d . We consider the family {u E } 0<£<1 

u E = <p e *u=(tp e * ui, <^ £ * u d ) G ?^ (IT) d 

Then u E -> it in (M n ) d as e ->• 0, t^Ug = ip e *djU G (K n ) d and <9jW e -> 

in "H^ 1 (M") d as s -> 0. Since <2> (u e ) -> <Z> (u) in 7^ (M n ) G £C (R n ) G £>' (R n ) 
(Theorem EU (b)), it follows that dj (u e ) -> 9, <2> (u) in £>' (R n ), j = 1, n. 
On the other hand we have 

d q rr 

d j $(u e ) = ^2 — (u £ )-d jUsk , mC°°(R n ), j = l,...,n. 
fc=i Zfc 

Let <5 > be such that s' - n/2 - 5 > 0. Then 

s' - 1 = min {s', s' - 1, s' + s' - 1 - n/2 - <5} . 

Since 

— {u e )^—{u), inW^(R n ), (Theorem 031(b)), fe = l,..,d, 

d jUe -> fljj-u, m H^ 1 (R") d , j = 1, n, 
using Proposition 13.71 we get that 

a, * («e) = £ f~ («*) ■ ^tie* 0* * («) = £ f~ («) • fy«k> W H^- 1 (IT) 



for j = 1, n. Hence 

V 



d j $(u) = ^2 1 r-(u)-d j u k , mV'iW 1 ), i = l,... 



fc=i 

□ 

Remark 4.9. Let us note that djU E k = <p £ * djUk — > djUk in W^i 1 (^ n )> but djUk 
G (R n )j j — 1: •••) n, k = 1, d. TTws remark leads to the complete version of 

the Wiener-Levy theorem. 
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Theorem 4.10 (Wiener-Levy for (E n )). Suppose that s > max {n/2, 3/4}. 
Let fl = fi C C d and 4> : fl — > C a holomorphic function. If u = (ui, u^) £ 
(R™) satisfies the condition u (R n ) C fi, i/ien 

^OME$(«)g^ (M n ) . 

Proof. Let s' be such that max {n/2, 3/4, s— 1} < s' < s. Then s' + s' — 1 > n/2. 
Let <5 > be such that s' - n/2 - S > 0. Then 

s — 1 = min {s , s — 1, s + s — 1 — n/2 — 5} . 

Since 

(u) G ?C (R n ) , (Theorem [46](a)), k = 1, 

a^G^r'W*, i = i,...,n, 



using Proposition 13.71 we get that 

fc=i K 

Now G «£(R n ) C H^R") and G Ki" 1 (R™), j = l,...,n imply 

# (tt) e (» n ). □ 

Corollary 4.11 (Kato). Suppose that s > max {n/2, 3/4}. 
(a) If u G 7^ (R™) satisfies the condition 

\u(x)\>c>0, xGl", 

then 

- G ?C (R n ) . 
m 



(b) If u E W^x (R"); i/ien m (R n ) is the spectrum of the element u. 

Corollary 4.12. Suppose that s > max {n/2, 3/4}. Ifu = (in, ...,u d ) G 7^ (M") d , 
i/ien 

where cry* (in, is £/ie joini spectrum of the elements in, ...,u d G 7^ (R n ). 

Proof. Since 

* x :7^(R n ) cBC(R") ->C, iy->tu(a:), 
is a multiplicative linear functional, Teorema 3.1.14 of |H52] implies the inclusion 
u (R") C a U s ( Ul ,...,u d ). On the other hand, if A = (Ai, X d ) </ u (R"), then 



u x = (in - Ai) (mi - Ai) + ... + {u d - A d ) (u d - A d ) G 7C (R n ) 
satisfies the condition 

ma (x) > c> 0, x G R". 

It follows that 

— G («") 

MA 

and 

mi (mi - Ai) + ... + v d (u d - A<j) = 1 



with mi = (mi — Ai)/ma, Md = (u d — X d )/u\ G 7^ (R"). The last equality ex- 
presses precisely that A ^ au s (mi, Md). □ 
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Corollary 4.13. Suppose that s > max {n/2, 3/4}. Let fl = Q C C d and : fl -> 

C a holomorphic function. 

(a) Let 1 < p < oo. If u — (ui,...,u d ) G K.p(W l ) d satisfies the condition 
ui (R») x ... x u d (R») C fl and if <Z> (0) = 0, then <Z> (u) G (R n ). 



(b) 7/n = (ui, u d ) G H s (R™) satisfies the condition m (R») x ... x u d (R«) c 
I? and if <Z> (0) = 0, then (u) G H s (R ). 

Proof, (a) Since K, s p (R") is an ideal in the algebra H s ul (R™), it follows that belongs 
to the spectrum of any element of K.p (R™). Hence G m (R") x ... x u d (R") C fl. 
Shrinking fl if necessary, we can assume that fl = f2\ X ... X fl d with Uk (R") C flk, 
A; = 1, d. Now we continue by induction on d. 

Let .F : fl — > C be the holomorphic function defined by 



F{zi,...,z d ) 



§±(0,\..,z d ) if Zl =0. 



Then <S> (z x , z d ) = z x F (z x , z d ) + <P (0, z d ), so 

<P (u) = uiF (u) + <L> (0, u d ) G K s p (R") 

because uiF(u) G lC s p (R™) • 7^ (R n ) C /C; (R™) and <Z> (0, u d ) G (R n ) by 
inductive hypothesis. 

(b) is a consequence of (a). □ 

Corollary 4.14 (A division lemma). Suppose that s > max {n/2, 3/4}. Let t G R 
smc/i i/iai s + t > n/2. Let uetf (R n ) n £' (R") and i> G (R™). 7/ u satisfies 
the condition 

\v (x)\ > c > 0, £ G suppn, 

£/ien 

- 6 H min{s ' t} (R n ) . 



Proof. Let </? G (R"), 0<(/3<l,y>=lon suppu, be such that 

|d > c/2 > 0, x G supply. 

Then w = (f \vf + c 2 (1 - tp) /4 G H s nl (R n ) satisfies iu > (<p + (1 - y>)) c 2 /4 = c 2 /4. 
If <5 satisfies < S < min {s + t — n/2, s — n/2}, then 

min {s, i} = min {s, t, s + < — n/2 — 5} . 

By using Corollary 14.111 and Corollary 13.121 we obtain 

G H* (R n ) ■ H s ul (R n ) C n min{s > t} (R n ) 



Id 5 ' 



This proves the lemma since 
n n 



□ 
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